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Abstract. The numerical results of simulations of a N-ary fragmen-
tation process are presented. Its main assumptions are: Continuous bi-
dimensional material; Uniform and independent random distribution of
the net forces; Every fragment fracture stops with constant probability
p. Furthermore, the material has q random point flaws that interact with
the maximal net forces to produce the fracture. By large-scale simula-
tions, it was obtained a power law for the fragment size distribution for
a wide range of the parameters of the model. Its visualizations simulate
fragmentation in brittle materials, like glass.
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1 Introduction

Fragmentation processes are common phenomena in Nature and Technology.
In refs. [11, 14, 15] is given a long enumeration of some natural fragment size
distributions of high energetic instantaneous breaking of brittle objects. This
experimental evidence predicts a power-law behavior for small fragment masses:

FX(s) = P (X(s) ≤ s) ≈ αs−β (1)

where s is the fragment’s area or volume. The β exponent varies between 1.44
and 3.54, see refs. [11, 14, 15].

A mean-field type approximation to describe the fragmentation process can
be formulated by means of the rate equations, see ref. [12]:

∂c(x, t)

∂t
= −a(x)c(x, t) +

∞Z
x

c(y, t)a(y)f(x/y)dy (2)
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where: c(x, t) is the concentration of fragments of mass less than x at time t,
a(x) is the rate at which fragments of mass x break into smaller ones, and f(x/y)
is the conditional probability that a fragment of mass x was produced from a
fragment of mass y ≥ x. Using scaling and homogeneity assumptions, some exact
results were obtaineḋ. Several two dimensional fragmentation models have been
analytically studied by the application of the rate equations, see refs. [2, 3, 6, 13].

The collision phenomena of solid but brittle discs with similar size were stud-
ied in ref. [9]. A molecular network of faults is considered to define the fracture
process. Using large-scale simulations and molecular dynamics techniques, they
were obtained the velocity, size and position distributions of the generated frag-
ments. By means of a dynamical model of granular solids, it was numerically
determined a critical point between damage and fragmentation behavior of the
collision of solid disks, see ref. [10]. These techniques techniques have also been
applied for the study of different models for fracture and fragmentation in ma-
terials that present a previous distribution of cracks and/or flaws, see ref. [1].

The statistical properties of a recursive d-dimensional fragmentation process
were studied in refs. [7, 8]. In 2 dimensions, a rectangle breaks up in 4 rectangles
with fragmentation probability 0 < p < 1 and with probability q = (1 − p) it
becomes "frozen". By an analytical study it was determined that the volume
distribution is a sum of power-laws. For the small volume limit (v → 0) it was
obtained an approximate algebraic volume distribution:

FX(v) = P (X(v) ≤ v) ≈ γ(1−p)
d v−γ (3)

where γ = 2p
1
d . Furthermore, it was proved that this fragmentation model is

non self-averaging.

A simple model for two-dimensional binary fragmentation was numerically
studied in refs. [4, 5]. Its main hypothesis are: Random distribution of the values
and positions of the net forces that produce the binary fracture; The fragmenta-
tion is generated by a deterministic criterion; Every fragment fracture stops at
each time step with probability p; Existence of a minimal fragment size mfs. By
large-scale simulations, it was obtained an approximate power law behavior for
the fragment size distribution for a wide range of the parameters of the model.

In this work, is numerically studied a two-dimensional N -ary fragmentation
process, which generalize the model in refs. [4, 5]. In this process, the number
of fragments generated is a random variable and the breaking criterion is deter-
ministic. In addition, it is considered that the material as a random distribution
of point flaws. In what follows, the model is defined and the numerical results
for 4-ary fragmentation are discussed.



2 Definition of the N-ary Fragmentation Model

The material is a continuous square of linear size 1. At the initial situation, see
figure 1, there are net forces of traction (or compression), denoted by fx and
fy, acting on the material at random positions and directions. They correspond
to uniform and independent distributed random numbers in [0, 1]. In addition,
there are q point flaws located at random positions that remain fixed during
the fragmentation process. At each step, all the fragments will be broken in n

fragments unless they satisfy the stopping condition. The sum of the area of the
new fragments will be the same of the original fragment. This fact is introduced
in order to fulfill the mass conservation assumption.
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Figure 1. Fragmentation initial situation with q=80 random point flaws

The hypothesis of the model are:

(a) Point Flaws: The initial fragment is the unit square with q random point
flaws, see figure 1, that remains fixed during the fragmentation process. In
this work, for the simulations, the number q will be chosen constant with
value q = 100.

(b) Fracture Forces: For each fragment there are fracture forces fx and fy that
are applied at random positions of the fragments. The random distribution
of the forces will obey a Uniform distribution in [0, 1]. Moreover, the frag-
mentation process is self-similar, see for instance refs. [2, 8].

(c) n-ary Fragmentation: At each step all the fragments will be broken in n

(even number) fragments independently, like in a cascade process, unless
they satisfy the stopping condition:

(c1) n
2 Fragments are obtained from the application of the forces, i.e. the
fracture or cutting plane in this case is the plane perpendicular to the
random direction of the larger net force.

(c2) n
2 Fragments are obtained due to the existence of flaws in the material.

The
n

4
cutting planes are the planes with normal perpendicular to the



line defined by the point of application of the larger force and the position
of one of the n

4 nearest point flaws. In this work was chosen n = 4. In
this case, two fragments are generated by the interaction of the nearest
point flaw with the position of the application of the larger net force.

An example of the initial step fracture is shown in figure 2.
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Figure 2. Example of a initial step fragmentation

The parameter n can be a constant or a random variable with Uniform or
Poisson distribution, for example.

(d) Mass Conservation: The sum of the size of the new fragments generated will
be the same of the original fragment. These n fragments are generated such
that the sum of the area of them will be the same of the original fragment.

(e) Random Stopping: There are three situations in which the fragmentation
process of a particular fragment stops:

(e1) If the area of the fragment to be broken is smaller than the minimal
fragment size or cutoff: mfs, see ref. [?].

(e2) There is a probability p that the fragmentation process stops.

(e3) Every fragment has a resistance r to the breaking process represented
by the parameter 0 ≤ r ≤ 1. A fragment breaks only if the maximum
of the net forces acting on it is greater than r. This parameter will be
chosen uniform and constant, i.e. remains fixed during the fragmentation
process.



The stopping criterion applies for a fragment of area less or equal to a
parameter ac called critical area, introduced in order to represent the
fact that greater fragments have more probability to be broken than the
smaller ones.

The fragmentation model defined by (a) to (e) is a two-dimensional self-
similar stochastic process that verify the Markov property. A theoretical study
of this stochastic process is very difficult due to its complexity. For this reason in
the next section, the results of the numerical study implemented by large-scale
simulations are presented. The main objective of this study was to determine
the fragment size distribution.

3 Numerical Results: 4-ary Fragmentation

The methodology for the simulations was the following:

1) The parameters p, r, ac and mfs are chosen within the following ranges:

0.01 ≤ p, r ≤ 0.20
0.01 ≤ ac ≤ 0.05 (4)

0.00005 ≤ mfs ≤ 0.0005

The value of q was fixed in 100 during the simulations.
2) The results were averaged over 1000 independent random initial conditions,
characterized by the initial net forces and the random distribution point
flaws.

3) It was chosen 4-ary fragmentation since it is the minimal even number to
produce non-binary fragmentation.

4) The fragmentation process evolves according to the rules (a) - (e) defined in
section.

The simulations were performed in a distributed way using the spmd model.
For 1000 initial conditions were used 10 slaves each of one computing the frag-
ment size distribution for 100 different initial conditions. A master program
gathered the results from the slaves. The speed-up is practically equals to the
numer of slaves.

It was determined that the fragment area distribution f(s) follows approx-
imately a power law distribution, for a wide range of the parameters of the
model:

f(s) ∼= αs−β(p,r,ac,mfs) (5)



The power-law exponent depends on the main parameters of the model: The
stopping probability p, the resistance r, the critical area ac and the minimal
fragment sizemfs. The exponent of the power-law shows an increase with respect
to [5] due to the existence of the point flaws random distribution.

In figure 3 the fragments size distribution f(s) is shown for: p = r =

0.01, 0.02, 0.03 and ac = 0.01, mfs = 0.0001.

Figure 3. Fragment area distribution for ac = 0.01,mfs = 0.0001 and
p = r = 0.01, 0.02, 0.03

The deviation from the power law behavior for small area of the fragments is a
finite size effect. The deviation from the power law behavior for large area of the
fragments is originated by the parameter ac.

For ac = 0.01 and mfs = 0.0001, the exponent β is a power-law of p = r in
the interval [0.01, 0.05]:

β = 0.8121p−0.0734 (6)

with correlation coeficient ρ = 0.97. The specific values of β are shown in table
1:

p 0.01 0.02 0.03 0.04 0.05
β 1.14 1.08 1.05 1.03 1.01

Table 1. Exponent β as a function of p = r.



In figure 4 it is shown how the fragmentation process looks for different sets
of parameters: ac,mfs change while p, r remain fixed in the same value. The
visualizations the model are very complex with patterns of fracture that simulate
real fragmentation processes in brittle materials like, for instance, glass.

Figure 4. Visualizations of fragmentation process for different set of
parameters. First row: p = r = 0.1, ac = 0.01, mfs = 0.0005. Second row:
p = r = 0.1, ac = 0.01, mfs = 0.00005.Third row: p = r = 0.15, ac = 0.01,

mfs = 0.0005. Fourth row: p = r = 0.15, ac = 0.03, mfs = 0.0005.

From figure 4 it can be affirmed that:

- If the parameter p is increased, the frequency of larger fragments increases.

- If the parameter ac is increased, the size of larger fragments increase.

- If the parameter mfs is decreased, the smaller fragment typical size decreases.



4 Conclussions

In this work, it was numerically studied a model for N -ary fragmentation. The
main characteristic of this model are: existence of a random stopping and a
fracture criterion based on the nearest point flaw and maximal net force. By
large-scale simulations, it was determined an approximate power law behavior
for the fragments area distribution. We affirm that these results are due to:

1) The mass conservation assumption.
2) The existence of fragments that cannot be broken further: minimal fragment
size.

3) Deterministic criterion for the 4-ary fracture process based on the maximum
net force and the nearest point flaw.

4) The random stopping condition

The visualizations of this model are very complex with patterns of fracture
that simulate real systems.
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