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Issue To Establish 100,000 Parallelism
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Load Imbalance

Big blocking length for data distribution and computation
damages load balance in massively parallel processing (MPP).

* In ScaLAPACK, one “big” block size is used in BLAS operation
and data distribution.

Ex: Block size 160
* Minimum Executable Matrix Size
* In the case of 10,000 cores : The size is 16,000.
* In the case of 100,000 cores: The size is 50,596.
* The whole matrix size is NOT small!
* Execution with the minimal sizes causes very heavy load imbalance.

Communication Pattern and Performance

* | D Data Distribution :All cores are occupied in one collective operation.

* In 1D Data Distribution :
MPI_ALLREDICE with 10,000 cores * | group

* In 2D Data Distribution :
MPI_ALLREDUCE with 100 cores * (100 groups simultaneously)

Communication Hiding Implementation
Previously Computation and Non-blocking Communication



The Aim of This Study

* To Establish Eigensolver Algorithm for
Small Sized Matrix and MPP

> Conventional Design Space
Small-scale parallelism : Up to 1,000 cores.

“Ultra” Large Scale Execution for the Matrix on MPP:
100,000~1,000,000 Size of Matrix Dimension.

* It is too big to perform the solver in actual supercomputer service.
* What is “Small Size” for the target?
> The work area size per core matches L1~L2 caches.
* What is MPP for the target!?

° From 10,000 Cores To 100,000 Cores.

> Flat MPI Model.

Hybrid MPI is also covered if we can establish principal MPP
algorithm.



Our Design Space for the Solver

|. Improvement of Load Imbalance
Use “Non-blocking” Algorithm

* Data distribution size can be permanently ONE.

* No load imbalance cased by the data distribution is happen.
Do Not Use “Symmetricity”

- ©Simple Computation Kernel and High Parallelism.

* ®Olncrease Computation Complexity.

2. Data Distribution for MPP

Use 2D Cyclic Distribution
* (Cyclic, Cyclic)Distribution with Size of One :Perfect Load Balancing

* Multi-casting Communication: Reduce communication time of
MPI_BCAST and MPI_ALLREDUCE even if the number of cores
or vector size are increased.

Use Duplication of Pivot Vectors

* Reduce gathering communication time.

3. Future work: Communication Hiding



- AN EIGENSOLVER
ALGORITHM FOR
MASSIVELY PARALLEL
COMPUTING



The Eigenvalue Program

 Standard Eigenproblem

Ax = Ax

X An Eigenvector ﬂ, . An Eigenvalue
* Application Field

* Several Science and Technology Problems

* Quantum Chemistry
Dense and symmetric.
Requires most parts of eigenvalues and eigenvectors.

* Searching on the Internet (Knowledge Discovery)
[M.Berry et.al., 1995]

e Dense: Computational Complexity is O (n°)
* Needs to implement parallelization.



A Classical Sequential Algorithm ,
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tric D Mat .
Symmetric Dense Matrix 5 Bisection

1. Householder Transformation T: Tridiagonal matrix

=

All eigenvalues : /1

) 3. Inverse

Q'AQ=T Iteration
Tri-dtagonalzzatzon Tridiagonal T': Tridiagonal matrix
O (n ) matrix All eigenvectors: Y

4, Householde1: Inverse MRRR: O (n 2 )
Transformation
A: Dense matrix

All eigenvectors « X=QY O (n’)



Basic Operations of Householder
Tridiagonalization (Non-blocking Ver.)
Let 4 ‘*) be a matrix when the k-th iteration.
The operations in the k-th iteration are follows.

(¢, e R',u, e R")
(k) k >k
AV kanr > (a o U k) ‘Householder Refraction
T
H, =1, —a,u,u, Householder Operator
A*TD - HkA ) [y i ‘Householder Transformation

do k=1, n-2

T T . (k . L
y, =a,u, A cnin:@ Matrix-vector Multiplicatior
U, =a,y, u, : @ Dot-products

X, =y, : @ Copy (when symmetric)

HkA(k)Hk = 4" - (x;, — lukuk)ukT - ukykT
: @ Matrix Updating




Communication Time Reduction
I Ul UUDUI IUIUUI | IIUIGHU iallLatlivl il
2D Cyclic-Cyclic Distribution
ROEOECOECD 'pEPE 1!
EOEOE l:. ! .
EDEOEOED ! PE2) 4 Multi-
EOEDEONE :
EOECOED N : PE3! DBroadcasts
EOEOEON , '
EoEomEomEn EPE4)
EEEDEEDN '------

Drawback @It increases number of communication.
Merit ®Perfect Load-balancing
® Reduces Communication Volume

P :#Processes

N : Problem Size

O(n’log, p) — O(n*/+/p -log,~/p)



An Example: HITACHI SR220I(Yr2000)

...... PR P . Z\

(Hessenberg Reduction: 7/7=4096)

1000 r

§ —o— (¥ Block)
"2 100 . — —&- (*,Cyclic)
a 1D ~c (Block,Block)
D1str1but10n/ =< (Cyclic,Cyclic)
LZD Distribution}
10 ' '
4 16 32 64 128 256

#Processes



Effect on 2D Distribution in Our Method

(HITACHI SR2201(Yr. 2000), Hou: ehc!derTridiagena!izatien)

ll.-vvv 4

Time [Second] 4 processes Time [Second] 64 Processes

10000
1000
1000
100 /
100
o S4x
10 10

100 200 400 800 1000 2000 4000 8000
——saarack =—our.  Problem Size

100 200 400 800 1000 2000 4000 8000
——scaarack ——our Problem Size

Time [Second] |28 Processes Time [Second] 512 Processes

1000
1000

325 nds
100 -
46X/ 100 /
10 V;I Seconds

1000 2000 4000 8000 10000 20000

200 400 800 1000 2000 4000 8000 10000 .
——saaLarack ——ow Problem Size

——saLaeack ——ou| Problem Size




Whole Parallel Processes on the Eigensolver
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Data Duplication for the Tridiagonalization

«— Duplication of u,

Matrix A

H[ ECOEOEO
O8 O8O8 OB

HEOECOBRDOED

:Yectors
8 u, x

«—Duplication of Y

P Processes

B :Vectors w
Yi oL

. q Processes




Parallel

ouseholder Reduction [Katagiri et.al., 1998]

® The communicator is divided by the processor grid (pxq) for MPI_BCAST and
MPI_ALLREDUCE. Perform them as multi-casting.

®Not all cores are occupied with the communication. ->

It reduces communication time. -> Good for Massively Parallel Processing.

if(k €] ) then§
MPI_BCAST( A
rows

. ) to Core sharing

else
receive( Al(_lkgc) with MPI_BCAST
endif ’

MPI_BCAST( u, , ) to Core sharing
columns T°

Transposed pivot vector
(Diagonal Processes
multi-Bcasts)

<|0> else

<13> do j=k, n
<|4>

fGeT), Ty T I
<|5> enddo Y = Vi T U fAHaJ

<16> MPI_ALLREDUCE of kaT to Core
sharing rows [ |

Broadcast of pivot vector

| 7> if (I have diagonal elements of A)

then
<18> MPI_BCAST( kaT) to Core sharing
columns T
<19> else
<20> receive( X ) with MPI_BCAST
<21> endif

o = Copy of y (Diagonal Process

<23> MU, = multi-Bcasts)

<24> MPI_ALLREDUCE of #: to
Core sharing rows [

<25> doj=k,n

<26> do i=k, n

<27> if i €ll.and.j €1") then

<28>Ai(,];+1) = Ai(,k'H) - Uy, (ka. - /“"kT.) - uk,.ykT .
<29> endif enddo enddo ' ’
<30> ifkkel) T=T- {k} endif

<31> ifkkelID 71 _717_ endif

<32> enddo IT=T1-1kj




Process Flow on the 2D Algorithm

4 )
This
reduces COpy Of
complexity el
with y=x

a factor of

1/yp

Multi-casting of
MPI_BCAST and
MPI_ALLREDUCE

)

Pivot Vector




Transposed y, in Tridiagonalization (The case of p = q)

: Square Grid Case [Katagiri etal., 1998]
Duplication of Yk

(DMulti-casting

2
2

MPI BCAST
®: Root
Processes Yk [

P Processes

. q Processes

’4
®#multi-casts is |.

®In many cases, the square grid (o = @ ) is the best in the view point of communication,

if we can take square grid. This is due to the tread-off between MPI_BCAST and

MPI_ALLREDUCE.
®In some cases, rectangular grid may be the best due to computational efficiency.




Transposed y, in Tridiagonalization (The case of p < q)

Proposed Method in this paper.
Duplication of ‘l’k

FEOEE |P=2
Em (977

E . . = . P Processes
amECEE

=T [mfaCm!
| WY 1 . .
= . . rocesses

Yk

@Multi-casting =
MPI _ALLREDUCE

®: Root
Processes

NaAaral MPI RCAST
INOLS) 1MiIri_ Dot

)
N
T
r
’__I

is using when p=q,
but this case is replaced
to MPI_ALLREDUCE.

r

®#multi-casts for the transposed is |.
®+#processes corresponding to the multi-casts is p.

®If small number of
can reduce communication time, this grid may be better.




Transposed y, in Tridiagonalization (The case of p > q)
Proposed Method in this paper.

Duplication of ‘l’k
Ve~

(DMulti-casting ‘|:
MPI _ALLREDUCE

p=4
q=2

P Processes

®: Root
Processes

Note) MPI_BCAST
is using when p=q,
but this case is replaced

\_Y_’

q Processes

to MPI_ALLREDUCE.

®#multi-casts for the transposed is |.
®+#processes corresponding to the multi-casts is p.

®|f small number of can reduce communication time,
this grid may be better.




Basic Operations of Householder Inverse
Tridiagonalization (Non-blocking ver.)

Let 4 ‘%) be a matrix when the k-th iteration.
The operations in the k-th iteration are follows.

(k-1) __ (k)
A = H , A i
H,=1,-a,u,u,

do k=n-2,1, —1

do 1=k, n
T
O, =, U, A(k)k;n,i : (D Dot-products
k k
HkA( )k:n,i — A( )k:n,i — O U,
: @ Matrix Updating




Parallel Householder Inverse Transformation

<|>dok=n—2,1,—1

by using multiple MPI_BCASTs.
<3> do i=nstart, nend
<4> o, = akukTA(k)k;n,i
<5> A= A%k —ou,
<6> enddo |

</> enddo




Gathering vector u, for Inverse Transformation

(DMulti-casting Duplication of Uy,
MPI_BCAST . B EE b =2
k . . q= 4

e ]
. . p Processes
e
rrecpmECEE)
DEEO S EE
n . . . | Prc:cesses T
JOF N q

@Multi-casting {
MPlI_BCAST

M5B =

@+ multi-casts
®/f NOT p=q, there is the following trade-off:
: #multi-casts q is increased, but #processes according to multi-cast (p) is decreased.

The matrix U is much duplicated. We memory space.
: #multi-casts q is reduced, but #processes according to multi-cast (p) is increased.
The matrix U is less duplicated.We memory space.
®Generally speaking, if we have enough memory space. (Cf.Tridiagonalization Case)




- PERFORMANCE
EVALUATION



A Test Matrix

e Frank Matrix

n n—-1 n-2
n—-1 n-1 n-2
A =\n-2 n-2 n-2

1 1 1 1

The eigenvalues can be calculated by
A : k=12
— K =1,4,.... N
‘ 2k -1
2(1—cos TT)

2n+1




Computer Environments (T2K)

CPU

Cache Sizes

Main Memory

Memory Module

OS

Compiler

Compiler Option

Network

Quad-Core AMD Opteron(tm) Processor 8356
2.3GHz l6core / node

64 KB/core (L1), 512 KB/core (L2), and 2 MB/4cores (L3)

32GByte (8GBytes / Socket)

DDR2-667 MHz

Red Hat Enterprise Linux 5

HITACHI Fortran90 Compiler version V01-00-/B

-opt=ss -noparallel

The Myri-10G with full bisection connection (4 lines).
9GB/sec for both direction.



Computer Environments (RX200S5 )

CPU Intel Xeon X5570 (Quad core, 2.93 GHz), 8 cores/node
Cache Sizes 256 KB/core (LI), | MB/core (L2),and 8 MB/4cores (L3)
Main Memory |12GByte (6GBytes / Socket)

Memory Module  DDR3-1333 MHz

OS Red Hat Enterprise Linux 5

Compiler Fujitsu Fortran90 Compiler version 3.2

Compiler Option | -pc —high

Network The DDR InfinitiBand



Performance Evaluation Details

* Process:
> All Eigenvalues and Eigenvectors Computation.

 Eigensolver
> Modified “ABCLib_DRSSED” ver.1.04.

> No Use of the Auto-tuning Facilities.
(Execution with Default Parameters)

e The Algorithm for Computation with
Reduced Tridiagonal Matrix.
> MRRR Method (dstegr) for LAPACK 3.1.1.
o Simple Parallelization with the dstegr Routine.
e Matrix Size
> Fixed: 10,000



Execution Time on Different Process
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Grids (T2K, 32 nodes (512 cores))
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Execution Time on Different Process
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Grids (T2K, 64 nodes (1024 cores))

)

A
140 N=10,000
120 Duplicated Distributed
Pivot Vectors C ) | Pivot Vectors
100 (Large Memory) Onvem:'c.)na_ (Small Memory)
= ~—— (32 Partitioning
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40
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M Tridiagonalizaiton [ Inverse Transfomation




Speedups and Memory Spaces on theT2K

The Memory Space Is Calculated by the Memory Requirement to

K

The time is fastest but
it requires 2x memory space

®1024 Cores (p = q)

® The cases of p<q : No merit

Pl Ti with only |.07x speedup.
Grid [sec.] /
(Pxq)
16x32 | 25.8 / / I |
8x64 240 V1 1.07x | 2x 0.5
4x128 25.3 1.01x 4x 0.2
2x256 31.3 0.82x 8x 0.1
32x16 29.7 0.86x 0.5x 1.7
64x8 34.6 0.74x 0.25x 2.9
| 28x4 54.6 0.47x 0.125x 3.7
——
256x2 90.0 0.28x 0.062x | 4.5

Process| Time Speed Mem. SPM
Grid [sec.] UP

(Pxq)

32x32 16.5 I x | x I
64x16 | 32.0 0.51x 0.5x 1.02
128x8 | 39.7 0.41x 0.25x 1.6
256x4 | 73.1 0.22x 0.125x | 1.7
512x2 128 0.12x 0.062x | 1.9

The speed down is 0.47X,
but memory space is
reduced with factor 0.25.




Execution Time on Different Process
Grids (RICC RX200S5, 16 nodes(128 cores))

< Duplicated ~—IN=10.000 [ Distributed
i@  PivotVectors ) Pivot Vectors

(Large Memory) (Small Memory)

2x64 4x32 8x16 | 6x8 32x4 64x2

M Tridiagonalization [ Inverse Transformation




Execution Time on Different Process

-

Grids (RICC RX200S5, 32 nodes(256 cores))

s A N=10,000
7

40 j/?/ Duplicated Distributed

35 ;5 PivotVectors C | — PivotVectors

30 ?/ (Large Memory) onventiona (Small Memory)
| = (16 Partitioning

25 / of PivotVectors)

» O | l
~ B l

HEHEB

0 B

4 B E E°E E B

0 /

2x128 4x64 8x32 16x16 32x8 64x4 128x2

M Tridiagonalization [ Inverse Transformation




Speedups and Memory Spaces on the RX200S5

The Memory Space Is Calculated by the Memory Requirement to

Keep Householder Vectors u,.

® |28 Cores (p = q)

Process| Time Speed Mem. SPM

Grid [sec.] UP

(Pxq)

8x16 25.1 | x | x I

4x32 26.1 0.96x 2x 0.48

2x64 30.7 0.81x 4x 0.20

| 6x8 26.3 0.95x 0.5x 1.9
T

32x4 283 0.88x 0.25x 3.

64x2 38.3 0.65x 0.125x | 5.2

@256 Cores (p = q)

® The cases of p<q : No merit

The speed down is only
0.95x, but memory space is
reduced with factor 0.5.

Process| Time Speed Mem. SPM
Grid [sec.] UP

(Pxq)

16x16 12.9 | x | x I
32x8 18.1 0.71x 0.5x |.4
64x4 22.7 0.56x 0.25x 2.2
128x2 40.8 0.31x 0.125x | 2.4

-
)




The Case of MPP in the T2K
(256 Nodes (4,098 Cores), Frank Matrix)

N\

of¢ - N=10,000 | = Tridiagonalization
450 g’ ™ Inverse Transformation
400 | =
2 Duplicated Distributed
350 ’//:; Pivot\/ectors C . | — PiVOtVeCtOr'S
300 ;// (Large Memory) (6c‘>1nlllent:|c.>na. (Small Memory)
artitioning
< >
250 of PivotVectors)
200 34.1 [s]
150 j//', best time for | ThBersE
Inverse ' 8.83(s]
100 07283 _
\ 1.7 II
50 é 3 ‘.—L gm
0 - The best time for Tridiagonalization.
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Related Work

 Blocked Algorithm Via Banded Matrix for
Distributed Parallel Processing [Imamura, 2009]
> Stop the reduction keeping band matrix to perform

blocking for the Tridiagonalization part, and to reduce
communication time.

o Use divide-and-conquer method for computation of
eigenvalue to the band matrix.

> Design Policy : Middle Sized Matrix
The work area matches out of caches.
e M|||1-| -core Alanrlfhm 'Fnr | ADA(‘I(

1 1L \JI [ASTI NN 7 \ Nl N\

> PLASMA Pro]ect [UTK, 2009~]

http://icl.cs.utk.edu/plasma/

Providing multicore algorithm and dedicated job scheduler
for LAPACK routines.

Establishing high performance in thread execution on node.



Conclusion Remarks

* We implemented a massively parallel dense
symmetric eigensolver with communication
splitting multicasting algorithm.

A tradeoff exists between speed and
memory space.

> The best grid depends on user requirement.

> 0.86x and 0.95x speed-downs with |/2 memory
space to keep the Householder vectors.
e The execution time of inverse
transformation can be negligible, if we take
appropriately small values of p of process

grid p x q.



